The antiferromagnetic Heisenberg Hamiltonian is investigated on a truncated tetrahedron, which is a closed 12 site system. We find that the ground state has many similarities to that of C 60 . We study 2-and 4-spin correlations in the classical ground state of the truncated tetrahedron and calculate the same correlations in the exact S=1/2 ground state. We find that the classical correlations survive for a range of bond strengths in the Heisenberg Hamiltonian and that one can construct a good trial wavefunction based on the classical ground state. This suggests that the correlations present in the classical ground state of C 60 also survive in the exact ground state of that system, for a range of bond strengths about the physically relevant J 2 ≈ J 1 .
I. INTRODUCTION
We have found that an antiferromagnetic Heisenberg Hamiltonian on C 60 has an exotic ground state with nontrivial topology. [1] The Heisenberg Hamiltonian arises from a tightbinding Hamiltonian describing the half-filled π orbitals at the carbon sites, assuming that there is strong Coulomb repulsion between electrons in these orbitals. The repulsion may be either long or short range. The exotic classical (S = ∞) ground state has nontrivial topology, with a skyrmion number 7. (The vector fieldn that is normal to the spin plane of the pentagons covers the sphere 7 times.) C 60 is, however, a spin 1/2 system, and quantum corrections are expected to be important. Estimates using perturbation theory indicate that the corrections are about 60% to the ground state energy and about 40% to the magnetization per site. Given the size of these corrections, there is concern that the perturbative results may be misleading.
The truncated tetrahedron C 12 is system that is similar to C 60 , but is small enough that the S = 1/2 problem can be solved exactly. [2] The classical ground state for C 12 also has nontrivial topology, with a skyrmion number 1. Here we investigate 2-and 4-spin correlations in the exact ground state of the S = 1/2 Heisenberg antiferromagnet on C 12 , and compare to correlations in the classical ground state. We find that the classical correlations survive in the exact ground state for a wide range of the parameter J 2 /J 1 , the ratio of the two bond strengths in the system. We also construct an S = 1/2 variational wavefunction based on a coherent state representation of the classical ground state spin configuration, and show that it has a large overlap with the exact ground state.
These results suggest that the correlations found in the classical ground state of C 60 also survive for S = 1/2 for a range of bond strengths. There is expected to be no phase transition in the exact ground state as a function of on-site repulsion U in the Hubbard model on the C 60 lattice. [1, 3] The spin correlations for the large U limit Heisenberg antiferromagnet are therefore expected to be present, although somewhat reduced in magnitude, for the physically relevant case of intermediate U.
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II. CLASSICAL APPROXIMATION
As in the case of C 60 , all carbon atoms on C 12 are equivalent, but there are two inequivalent types of bonds. The magnetic exchange constant for two neighboring sites on the same triangle is J 1 = t 2 1 /U, where t 1 is the hopping matrix element and U is the Hubbard interaction. The constant connecting a site on one triangle with a nearest neighbor on another triangle is J 2 = t 2 2 /U. The Hamiltonian is
where the first sum is over the 12 triangle bonds, and the second over the 6 non-triangle bonds. We take J 1 =1 and investigate the properties of this Heisenberg Hamiltonian on C 12
as a function of J 2 . We first treat the Hamiltonian classically, so that σ in Eq. (1) is a classical unit vector. This is the same as the S → ∞ limit. We discuss the properties of the exact quantum (S = 1/2) ground state in the next section.
The truncated tetrahedron has 4 triangular faces and 4 hexagonal faces. An antiferromagnet is frustrated on the triangular faces. For an isolated triangle, the ground state energy is J 1 cos(2π/3) = −J 1 /2 per bond, which is smaller than the −J 1 per bond that an unfrustrated system would have. If the 12 spins on the truncated tetrahedron are able to find an arrangement so that the different triangles do not further frustrate each other, the ground state energy will reach the lower bound E b = 12J 1 cos(2π/3) − 6J 2 . The lower bound is an energy −J 1 /2 per triangle bond, and −J 2 per non-triangle bond. The classical ground state configuration was found numerically by minimizing the energy over the spin variables {θ i , φ i }, i = 1, 12 (see Fig. 1 ). We find that C 12 does attain the lower bound E b , but only in a topologically nontrivial spin arrangement. In comparison, C 60 also attains its lower bound, but other fullerenes C 20 , C 70 , and C 84 do not. [1] The ground state configuration for C 12 is the same for all positive J 1 and J defined at points i on the surface of a sphere is given by
where α is the solid angle subtended by three vectors and the sum is over a set of fundamental triangles that cover the sphere. The skyrmion number for C 12 and C 60 is calculated by introducing "twist" bond variablesn i on the triangle bonds for the vectors v i , witĥ
and one finds that both of the parity-related ground states of C 12 have skyrmion number In the presence of an applied magnetic field, C 12 has a second order metamagnetic transition at which dM/dh is discontinuous. The skyrmion number is 1 both above and below the transition. In contrast, C 20 and C 60 , both of whose ground states have skyrmion number 7, have a first order metamagnetic transition at which M is discontinuous.
III. SPIN 1/2
For S = 1/2, the σ matrices in Eq. (1) represent 2 x 2 Pauli spin matrices. (Our convention is to use σ matrices, which are a factor of 2 larger than s matrices.) The
Heisenberg Hamiltonian on the truncated tetrahedron was solved in each S z sector separately.
[4] The dimension of the S z = 0 sector is 924 and that of the S z = 1 sector is 792, so that 4 the total spin S = 0 subspace has dimension 924 − 792 = 132. The lowest energy eigenvalue is present in the S z = 0 sector and absent from the S z = 1 sector, so the ground state is a singlet. We calculate various correlation functions as a function of J 2 /J 1 . In C 60 , J 2 is expected to be nearly equal to, but slightly larger than J 1 , because the corresponding non-pentagon bond is about 3% shorter than the pentagon bond.
[5] C 12 has not been synthesized, but we consider J 2 ≈ J 1 to be the region of physical interest.
First we consider the quantum two-spin correlations g ij =< σ i · σ j >. There are five inequivalent g ij 's on the truncated tetrahedron, which are represented by g 12 , g 14 , g 15 , g 18 and g 19 , where the subscripts refer to the site labeling in Fig Then < σ 1 · σ 4 > is averaged over a manifold of degenerate ground states and is equal to zero. For J 2 small, however, the expectation is over the unique ground state and is nonzero.
In the opposite limit of large J 2 , g 14 approaches -3 and all other g ij fall to zero. This reflects the fact that in this limit, the wavefunction becomes a product of singlet valence bonds on the 6 non-triangle bonds, denoted |V B >. The values of g 15 and g 18 , the third and fourth nearest neighbor correlation functions, both peak at J 1 ≈ J 2 .
We now calculate correlations between the spin plane normalsn i in the exact ground state. This will involve four-spin correlation functions. As we pointed out in the discussion of the classical ground state, the sum of the spin plane normals 4 i=1n i for the four triangles is zero, so that classicallyn
These correlations may be measured by
where
The spins on triangle α are numbered counterclockwise (i, j, k). (Then α in Eq. (4) are normalized to unit length, but the n α in Eqs. (5-6) are not.)
The function G measures the relative orientation of the spin-plane normals, and involves correlations between spins over the whole system. It is plotted in Fig. (3) . As J 2 increases from zero, |G| increases slowly to its maximum at J 2 /J 1 ≈ 0.3. For large J 2 , |G| approaches zero as the wavefunction approaches |V B > and all correlations other than those for the singlet on nearest neighbor non-triangle bonds vanish. The four-point function G falls off at somewhat smaller values of J 2 than the two-point functions in Fig. (2) . The quantum correlation functions will be compared with classical and other correlation functions below.
Note that the skyrmion number itself is not a good quantum number for the quantum system.
Singh and Narayanan [6] have emphasised that in identifying a nonvanishing expectation value of an operator in the ground state as evidence for magnetic order, it is important to show that the expectation value is considerably larger at zero than at infinite temperature.
Note in this regard that G and all of the g ij are traceless operators and thus have zero expectation value at T = ∞.
A classical ground state has each spin pointing in a fixed direction. The most straightforward translation of a classical ground state into a spin 1/2 wavefunction is to have each of the quantum spins point in the same fixed directions. The wavefunction for the first spin is the two-component spinor |c 1 > that is the ground state of H 1 = − h 1 · σ 1 , where h 1 points in the classical spin direction. These are coherent states. The full wavefunction is
Since the classical ground state configuration is independent of J 2 /J 1 , so is the trial wavefunction |C > (and other trial wavefunctions discussed below). The expectation of the spin 6 correlation functions in the trial wavefunction |C > and in the exact groundstate |ψ ex > for states. An additional related state is found by taking a linear combination of these,
where a 1 and a 2 are complex numbers with |a 1 | 2 + |a 2 | 2 = 1. We determine a 1 and a 2 in Eq. 
where |0 >= |C > and the sum is over intermediate states |j > with two adjacent spin flips.
(The ground state is determined by stability against single spin flips.) For C 12 this is
The perturbed ground state energy is E (2) = E cl + ∆E, with E cl = −6(J 1 + J 2 ). This expression clearly overestimates the correction to the classical ground state energy when J 2 ≫ J 1 , but it does fairly well for J 2 ≈ J 1 . For J 1 = J 2 = 1, E (2) = −22.500, which should be compared with the exact ground state energy of -22.804.
For C 60 , we expect the trial state |V B > to be less successful than for C 12 in competing with the other trial states. The reason is that C 12 contains highly frustrated triangle bonds, which can be sacrificed at relatively low cost by the formation of singlets on the non-triangle bonds. A pentagon is less frustrated than a triangle, with a classical energy per bond of -.809, as compared to a triangle's -0.5 and an unfrustrated bond's -1. It is therefore reaonable to expect that the correlations found in the classical ground state of C 60 , which with skyrmion number 7 are more exotic than those in the truncated tetrahedron, should survive for a larger range of J 2 values.
Neutron scattering experiments can measure S( q), the Fourier transform of the spin-spin correlation function. We calculate S(q), which is S averaged over all relative orientations of q and the molecule. This would be appropriate for a sample containing molecules of random orientations. Neglecting form factors,
where r ij is the cartesian distance between sites i and j. We assume that the triangle and for example, to a shoulder at qr 12 /π ≈ 2.7, which is strongest in |C > but still visible in the exact ground state.
For C 60 , we do not know |ψ ex > and show S(q) for the coherent state |C > obtained from the classical ground state, and for the state |V B > with singlets on the non-pentagon bonds. There is a great deal more structure in S(q) for |C > than for |V B >. These features will, however, be smoothed out somewhat for the exact ground state wavefunction for C 60 as they were for C 12 .
Finite temperature: We have calculated the C 12 correlation functions g ij at finite temperature, using the exact eigenfunctions with Boltzmann weight. As expected, all g ij for distinct spins approach zero as T → ∞. Two of the correlation functions, however, are nonmonotonic. The correlation g 12 between spins on the same triangle increases in magnitude by 6% with increasing T before decreasing. The correlation g 19 , which is quite small at zero temperature, actually changes sign and increases in magnitude by a factor of 16 before decreasing to zero.
The finite temperature properties can help to interpret recent Quantum Monte Carlo studies on the C 60 Hubbard model with 60 electrons by Scalettar et al. [7] They find that for U/t = 8, the spin correlations on C 60 resemble those of the classical ground state at short and intermediate distances, but decay to near zero at the largest separations. A crucial question is whether this long distance decay is a property of the quantum ground state, or whether it is caused by the finite temperature of the simulation. For C 12 , we calculated the exact S = 1/2 Heisenberg partition function for J corresponding to U/t = 8 and the lowest temperature T 1 = t/5 reached. The temperature T 1 = 0.582∆, where ∆ is the gap to the first excited state. The first excited state is, however, 9-fold degenerate counting spatial and spin degrees of freedom, and higher excited states are fairly close. At T = T 1 , the system has a probability 0.19 to be in the quantum ground state, and the correlation function g 18 is 48% of its zero temperature value. C 60 should require a lower temperature than C 12 for the long distance spin correlations to reach their zero temperature values. If the C 60 ground state had spin correlations extending across the molecule, one would expect the C 60 excitation energies, which correspond to magnons at allowed nonzero wavevector, to be smaller than those of C 12 by roughly a factor of two (≈ 12/60). By this estimate, C 60 at a given temperature would have similar properties to C 12 at twice that temperature.
At T = 2T 1 , C 12 has a probability 0.028 to be in the ground state, and a long distance correlation function that is reduced by a factor of 6 from its zero temperature value. This suggests that the decay of spin correlations at large distances observed in the Quantum Monte Carlo studies may be a finite temperature effect.
IV. SUMMARY AND CONCLUSION
The classical Heisenberg antiferromagnet on the truncated tetrahedron has an exotic ground state with nontrivial topology and nonzero spin correlations up to the longest distances in the system. To see whether quantum fluctuations for S = 1/2 destroy these correlations, we exactly diagonalized the S = 1/2 problem. We find that the classical ground state This work has implications for the magnetic properties of C 60 , in which an exotic classical ground state has been found. The results for C 12 suggest that the S = 1/2 quantum fluctuations will not destroy the classical spin correlations in C 60 . The quantum fluctuations may play a smaller role in C 60 , because the spin arrangement is less frustrated than that of
There is also concern that spin correlations in C 60 can be destroyed because U/t ≈ 4
is not large enough. We have argued that the exact quantum ground state of the Hubbard model in C 60 is unlikely to have a phase transition as a function of U/t, and thus that the large U spin correlations, somewhat reduced in magnitude, should be observable in real C 60 . 
